Abstract. We study the stabilization issue of the Benjamin-Bona-Mahony (BBM) equation on a finite star-shaped network with a damping term acting on the central node. In a first time, we prove the well-posedness of this system. Then thanks to the frequency domain method, we get the asymptotic stabilization result.
Introduction
The Benjamin-Bona-Mahony equation (BBM), u t − u xxt + u x + uu x = 0, is a well known model for one-dimensional, small amplitude long waves in nonlinear dispersive systems and an alternative to the Korteweg-de Vries equation, u t + u xxx + u x + uu x = 0.
As the dispersive term in BBM "−u xxt " produces a strong smoothing effect for time regularity, the existence of solution is easier to prove than for Korteweg-de Vries equation but the controllability properties are not so good. In [10] , the exact controllability problem of the linearized BBM equation in a bounded domain is studied. Due to the existence of a limit point in the spectrum of the adjoint problem, the exact controllability fails. Recently, Rosier in [12] introduced a boundary feedback law to dissipate the energy for BBM on a bounded domain. He proved that if the Unique Continuation Property holds for BBM, then the origin is asymptotically stable for the damped BBM equation.
We consider in this article the Benjamin-Bona-Mahony equation posed on a star-shaped network, with branches of finite length and a boundary damping term acting on the central node of the network. Our goal is to prove the stabilization of this model depending if the Unique Continuation Property holds. As we study a finite star-shaped network, we need some conditions at all external edges. We choose to impose homogeneous Dirichlet conditions. The system to be studied is modelized by the following one where N is the number of edges and on each edge the BBM equation evolves with some transmission conditions at the central node, the continuity condition and a condition on the time derivative of the flux :
where α is a constant satisfying
In the last few years various physical models of multi-link flexible structures consisting of finitely many interconnected flexible elements such as strings, beams, plates, shells have been mathematically studied. For details about physical motivation for the models, see [9] and the references therein. For interconnected strings and beams, a lot of results have been obtained (see for example [4] , [5] , [9] ). Recently, we have proved the exponential stabilization of the Korteweg-de Vries equation on a star-shaped network, see [1] , with a boundary damping term on the central node. In that case, the stabilization occurs when there is at most one critical length in the network.
Notations and presentation of the problem
Now, let us first introduce some notations and definitions which will be used throughout the rest of the paper, in particular some are linked to the notion of C ν -networks, ν ∈ N (as introduced in [9] ). Let Γ be a connected topological graph embedded in R, with N edges (N ∈ N * ).
Let K = {k j : 1 ≤ j ≤ N } be the set of the edges of Γ. Each edge k j is a Jordan curve in R and is assumed to be parametrized by its arc length x j such that the
ν -network T associated with Γ is then defined as the union
We study here the stabilization problem of a Benjamin-Bona-Mahomy (see [7, 8, 12] ) system on a star-shaped network as in the following figure 2 for N = 3. More precisely, for each edge k j , the scalar function u j (t, x) for x ∈ (0, j ) and t > 0 contains the information on the displacement of the wave at location x and time t, 1 ≤ j ≤ N .
Our problem is the following one : For initial condition u 0 in a space to be determined, can we prove the existence of a solution of (BBM) u for all t > 0 such that u tends to 0 when t tends to infinity in a space to be determined ? Remark 2.1. We can get the same stabilization result with (BBM) posed on a tree network, but for a sake of clarity, we only prove our result on a star-shaped network. In the case of a tree, the system can modelized the human cardiovascular system for example.
Next section concerns the well-posedness of the solutions of the linearized version of (BBM ) called (LBBM ). Then we prove the strong stability of the energy E(t) of the solutions of this linearized system . Then we study the nonlinear version.
Our technique is based on a frequency domain method.
Well-posedness of systems (LBBM ) and (BBM )
In order to study system (BBM ) we need a proper functional setting. We define the following spaces:
• On each edge :
• On the whole network
where
-for 3/2 < s,
In order to prove the well posedness of (BBM ), we follow the work of Rosier [12] . Let u 0 ∈ H 1 e (T ) and v = u t . Then v solves the following elliptic problem,
Let us define for all j = 1, . . . , N , the function ϕ j by
Then we can write the solution of the elliptic problem (3) as v = w + aϕ, where w solves the homogeneous elliptic problem :
Let us define the operator
...
We can easily prove by usual variational theory and Lax-Milgram theorem that we may define the operator
T (q) = w is solution of (4). Thus the solution u of (BBM ) can be written in its integral form as
Let R > 0 to be chosen latter and B R the closed ball in C([0, T ], H 1 r (T )) of center 0 and radius R.
, we can easily prove that for u, v ∈ B R we have the estimates,
and T = (2C(1 + R)) −1 , we can apply the Banach fixed point theorem and we have the existence of a unique solution of (BBM ). By using the same argument as [12] , thanks to the energy inequality we get the existence of a solution for all time T . If we consider the linearized version of (BBM ),
then by using the same proof as before and usual linear theory we get the following existence result for all time T .
Proposition 3.2. For an initial datum
, there exists a unique solution u ∈ C([0, +∞), H 1 e (T )) to problem (LBBM ). Moreover, the solution u satisfies (7). Therefore the energy is decreasing.
We then define the operator A ∈ L(D(A), H 1 e (T )) by
Strong stability of (LBBM )
We define the natural energy E(t) of a solution u = (u 1 , ..., u N ) of (LBBM ) system by (6) E(t) = 1 2
We can easily check that every sufficiently smooth solution of (LBBM ) satisfies the following dissipation law, with our choice of α, (1).
and therefore, the energy is a nonincreasing function of the time variable t. We prove a decay result of the energy of system (LBBM ), under condition on j , j = 1, ..., N , for all initial data in the energy space. Our technique is based on a frequency domain method and precisely we make use of the following result due to Arendt and Batty [6] :
Theorem 4.1. Let (T (t)) t≥0 be a bounded C 0 -semigroup on a reflexive space X. Denote by A the generator of (T (t)) and by σ(A) the spectrum of A. If σ(A) ∩ iR is countable and no eigenvalue of A lies on the imaginary axis, then lim
The main result of this section is given by the following result:
Theorem 4.2. The system (LBBM ) is strongly stable, i.e., for all u 0 ∈ H 1 e (T ) we have (8) lim
if and only if
Proof. By Theorem 4.1, the proof of Theorem 4.2 is based on the following lemma.
Lemma 4.3. The discrete spectrum of A contains no point on the imaginary axis if and only if condition (9) is satisfied.
Proof. Since A is compact, 0 / ∈ ρ(A). Its spectrum σ(A) only consists of eigenvalues of A and 0, i.e.,
We will show that the equation
with Z = y ∈ D(A) and β = 0 admits only the trivial solution.
By taking the inner product of (10) with Z ∈ H 1 e (T ) and using
we obtain that y j (0) = 0, ∀ j = 1, ..., N . Next, we get to a second order ordinary differential system:
and for
So, system (12) admits only the trivial solution if and only if condition (9) is satisfied.
With Lemma 4.3 we easily deduce the stability result (8).
Stabilization of (BBM )
In this section, we study the following nonlinear dissipative (BBM ) system:
there exists a unique solution u ∈ C([0, +∞), H 1 e (T )) of (BBM ) system and it satisfies
We note that if the unique continuation property:
. Proof. The well-posedness as been done in Theorem 3.1. We now prove (13)- (14) Let (t n ) n≥0 be a sequence such that t n → +∞ as n → +∞. We can assume that t n+1 − t n ≥ T, ∀ n ≥ 1 (by extracting a subsequence if necessary) and that, for some
as n → +∞. According the continuity of the flow map we have that:
where v is a solution of (BBM ) issued from v 0 at t = 0. By extending v j by 0 for x ∈ R \ (0, j ), j = 1, ..., N, and t ∈ (0, T ),
x ∂ t v j + ∂ x v j + v j ∂ x v j = 0, x ∈ R, t ∈ (0, T ), v j (t, x) = 0, x ∈ R \ (0, j ), t ∈ (0, T ), j = 1, ..., N.
From the unique continuation property hypothesis, we have v j = 0, j = 1, ..., N.
As consequence and according to [12, Theorem 2.3] , we have the following corollary. 
x ∈ (0, j ), t ∈ (0, +∞), v j (t, 0) = v j (t, j ) = 0, t ∈ (0, +∞), j = 1, ..., N, 
